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Abstract 

The usual prescription for constructing gauge-invariant Lagrangian is gen- 
eralized to the case where a Lagrangian contains second derivatives of fields as 
well as first derivatives. Symmetric tensor fields in addition to the usual vec- 
tor fields are introduced as gauge fields. Covariant derivatives and gauge- field 
strengths are determined. 



1 Introduction 

Higher-derivative theories have been investigated in various contexts of physics: 
higher- derivative terms naturally occur as quantum corrections to lower-derivative 
theories; nonlocal theories, for example string theories, are considered to be equiva- 
lent to higher-derivative theories; gravity theories with R 2 terms are good candidates 
to renormalizable theories of gravity. ^ 

It is pointed out, however, that higher- derivative theories have some crucial 
disadvantages: 2 -'' 3 ^' 4 -' they are unbounded from below; they violate unitarity; they 
break down the initial value problem. Several attempts have been made to remove 
these faults, but without success. 

In the present paper we generalize the usual prescription for constructing gauge- 
invariant Lagrangian to the case where higher- derivatives of fields are included. We 
expect that this new type of gauge degeneracy could be useful to settle the above- 
mentioned problems of higher-derivative theories. 

In §2 we consider a generic action that contains arbitrary order derivatives of 
fields. Requiring the action be invariant under some not only global but also local 
transformations, we get a series of identities. These are generalizations of the usual 
Noether's theorems. In §3 and the followings we restrict ourselves to treating a 
simple case where the action has at most second derivatives. Tensor gauge fields 
associated with second derivatives are introduced. A series of identities that the 
tensor gauge fields as well as the usual vector gauge fields should satisfy are writtten 
down in §3. In §4 first and second derivatives of the two kinds of gauge fields are 
decomposed to their irreducible components. In §5 we solve the identities to get 
covariant derivatives and gauge-field strengths. Summary and discussion are briefly 
given in §6. 



In this section we consider a generic higher-derivative theories whose action depends 
on fields <Pa( x ) and their derivatives up to iVth order 



2 Identities 




(i) 



where we have used the abbreviation 



0, 



if A = <9 M1 <9 M2 • 



(2) 



The Euler-Lagrange equations are 




(3) 



Here and hereafter the differentiation 



dC 



(4) 



dd, 



'fll-tlnfA 



always stands for that of weight 1: in the case of C = C^d^ifA, for example, we 
have d A ^ u C = ±{C A ^ + C Au "). 

Suppose the action is invariant under a 'global' infinitesimal transformation with 
p independent parameters e a 



5x» = e a X%(x), 
S(p A (x) = e a N aA (x,Lp). 



(5) 



Then p identities follow: 5 ) 
5S 



5 ip, 



(N aA - d v y A ■ XI) 



+ d u 



N-l 



E (d A ^ - a "JC) d n (N aA - d v y A ■ XI) + CX£ 



n=0 



= 0, (6) 



where the generalized 'both-side' derivatives for two arbitrary functions F and G 

n 

F H M ,.- M „ G A ER^.-^F ■ (7) 

k=0 

has been introduced. These identities are also written in the form of 

N 

E d A ^-^C ■ d ai ... an (N aA - d^ A ■ X£) + d, (CXZ) = 0. (8) 

n=0 

Generalized Noether currents are given by the bracketed quantities in Eq.(6): 

N-l ^ 

J£ = E (d A ^- a - C) d ai ... an (N aA - d v ip A ■ XI) + CX^ (9) 

n=0 

which are conserved when the Euler-Lagrange equations are satisfied 

V£ = 0. (10) 

Let us now proceed to 'local' infinitesimal transformation. In the present case, 
since the action contains up-to-iVth order derivatives, the local version of the trans- 
formation (5) can be given as follows: 



Sx^ = \ a (x)X%(x), 



N 



5<p A (x) = J2d, 1 ..., n X a (x).N^(x, V ), 



(11) 



n=0 



where X a (x) are p independent arbitrary functions. If we require the action be 
invariant under the local (infinitesimal) transformation (11), we get the following 
series of identities: 



N 



E d A ^- a *£ ■ d ai ... an (N aA - d^ A ■ X£) + d, {CX£) = 0, 



(12) 



n=0 



N 



n=l 



E n C\d A ^- a "C ■ d a2 ... an (N aA - dtfA ■ X£) 
=1 

N 

+ E d A ^- a -c ■ d ai ... an K\ + = o, 



?1=0 



A 



E ^ 

n=2 

1 



,A,v\W20.2,—et n 



C ■<),,,...„„ (N aA -d^ A -X%) 



A 



Z n=l 
AT 

+ E d A ^- a -c ■ d ai ... an KT = o, 



n=0 



A' 



E ^c^*™"—/: • d ai ... an (N aA - • x») 

n=3 



1 



d n=2 



1C 



A? 



+ ~E^i 9 ^ 1Q2 • da.-a n KT + (^i^3-cycli 

d n=l 



1C 



A 



+ 

n=0 



A,ai---a r 



(13) 



(14) 



(15) 



1 



A 



+ 



+ 



JvCjV-1 n=A r_i 



E nC7. 



N-l 



x j^^.-.^-iajvan^ . d aNOln N v a % + (»!■■■ //^-combination) 



1 



A 



nCi n=1 

Af 



+ -T^EnCi ^ lQ2 - Q "£-a Q2 ... an iV:i"^ + (z/ 1 ---// A r-combination) 



+ E a A ' ai -""£ • 9«,.. Qn K™ = 0, 



(16) 



n=0 



1 l d A,„ 1 -u NjC . N ^+i + . . . ^combination) 

n+iCn 1 



1 N 

+ — E vPn-1 



JV+lCjV-1 n= AT_i 



+ 



X 



A 



[9 



A,i/i---v N _ia N a n 



£ ■ d aN a n N u aA VN+i + //AT+i-combination) 



AT+l 



°1 n=l 



+ TrEnCi d A < Uia *- a »C-d a2 ... an NZ" UN+1 + -^-combination) 



= 0, 



(17) 



1 



2N-\Cn 



qA,v\---v n £ . + . . . ^.combination) 



1 ^ 

+ 7^ nC N -l 

2N-1^N-1 n=A r_i 

x [d A > Ul - UN - iaNan C ■ da^N^'"" 2 "- 1 + z/ 2 iv-i-combination) 
= 0, (18) 
_L_ r^...^ . x'tN+i-™ + . . . ^-combination)! = 0. (19) 

The identities (12) are the same as (8), obtained as the coefficients of X a (x) in the 
requirement 5S = 0. The coefficients of d Ul \ a ,d ulU2 \ a , ■ ■ •, and d Ul ... U2N \ a give (13), 
(14), • • •, and (19) respectively. 

3 Gauge fields 

In this and the following sections, we set N = 2 for the sake of simplicity. The 
starting action is therefore 

S = J d 4 xC {if A , d^ifA, d^ifA) . (20) 

This action is assumed to be invariant under the global internal transformation 

{ 6X " = °' (21) 

where M aA B are certain representation matrices of a group G. That means the 
Lagrangian C should satisfy the following identities: 

d A C ■ M aA B <p B + d A ^C ■ Mjd^B + d A ^C ■ Mjd^ B = 0. (22) 

Next consider the local version of the transformation (21). The transformation 
obtained by simply replacing the arbitrary parameters e a with arbitrary function 
\ a (x) 

j 8x>* = 0, 
\ 6<p A (x) = \ a (x)M aA B tp B (x) 

does not leave the action invariant. Generalizing the usual prescription for gaugeiza- 
tion, we introduce two kinds of gauge fields B®(x) and (x): the vector fields BHx) 
are to be combined with the first derivative as usual; the symmetric tensor fields 
Bp V (x) are newly introduced to form second-order covariant derivative. It seems 



B,„_ f ^ (23) 



natural to assume the following transformation properties for these gauge fields: 



5b;(x) 



X b (x)f^B c (x) + d fl \ a (x), 



5B a (x) = \\x)tf c BUx) + - d,\ b (x)f b a c B c u (x) + (t,~v) + d, u X a (x), 



where f bc are structure constants of G 

{M b ,M c ] = f b a c M a . 



(24) 



(25) 



The action S should be extended to incorporate the gauge fields and their derivatives 
up to second order: 

S 1 = J d 4 xd (ip A , d^ A , d^ A - B% dpBZ, d, u B a p ; B; u , d,B a up , d, u B a pa ) . (26) 

In what form is the Lagrangian C\ to contain the gauge fields and their derivatives? 
To answer this question we require that the action Si be invariant under the local 
transformation (23) and (24). 

The invariance requirement gives the following series of identities: 



ad 

dip A 



dCi 



M aA B VB + -& r ± r M aA B d ll <p B + —^-Mjd^B 



dd^A 



®£± fb R c , 
+ 77777,/ ac p + 



dBY aC P dd,B b 



dC\ dCi 

f ac ^B c + aa T ^ h f ac d fMU B : 



p dd, u B^ Jac p 



dd dC\ 

+ -^-.fac B pa + o Q T~>h faABpa + 



-facd^B = 0, 



pa 



J P-v ±J pa 



H per 

dC-\ „ , d _ dC^ „ _ d _ 
—J-M aA B <p B + 2—^M aA B d^ B 
dd a ip A dd ait <p A 

, ^Ci b dd b 

+ dd a B^ a ^ p + Z dd a ^ p hca ^ p 
, 9d b dd b dd 

dd a B» pa Jac dd a ,B^ Jac " dBl 

_i_ fb R c , 9Ci b dCi b _ 

+ dBL Iac p dd u BL ac " p 00„„BL v p ~ U ' 



J P ap 



dd a pip A ' 



+ 



dCi 

dd nR B 



dd 



+ 2 
1 / 9£i 



1 / dd 



b-iac p 



-fac B oa + 



dd dd 



dd aP B b p / ac pa 2\dd n B% dd R B- 



+ 



dd 



2 \dd a B b p 



+ 



_dd_ 



(27) 



(28) 



Lb; + 



+J^AfLd^ = 0,(29) 



ad ad 



i 



dd a ,B b p ' 89^5*, , 

9£i dd dd 

+ 777 — 77 — + 



3\aa^ aa^s* aa^s/ 3 vaa,^ 7 aa^ aa^ 



+ 



1 / 9^! 



dd dd 



3 V^^p dd^B b ap dd ia B b f)p/ 



flB c p = 0, 



(30) 




ddpsB*, ' ddfrBb) 

(31) 

Solving these identities will determine the forms of covariant derivatives and gauge- 
field strengths, through which the gauge fields and their derivatives are contained 
in the Lagrangian £ 1 . This is the task of the next two sections. 



4 Irreducible decomposition 

To solve the identities it is useful to decompose the derivatives of the gauge fields 
into their irreducible components. This is done by using Young's prescription and 
by taking into account symmetric properties such as = d Ufl and = B^. 
The first and second derivatives of B® are decomposed as 

= $SPV^, (i = l,2) (32) 



where 



and 



= r^d^Br, (< = 1, 2) (33) 

rsr = ^(O;+O«+o;0' 



(34) 



(35) 



The first and second derivatives of B° v are decomposed as 



D% = ^%Td x B^ (i = l,2) (36) 



a/37 a/37 

^ = 5^ T r^^ ; (< = 1,2,3) (37) 



where 



a(1)A/«/ A r (l)M"A 

^a/?7 — 1 a/37 > 

a (2) A/ii/ ^ p(2)/ii/A 

^0/37 — 1 a/3 7 i 



(38) 



and 



"a/375 

r = ,(2)«A/iI/ A 

1 — 'afi-yS 
"a/375 



^ [(O* + OS) + (OK + OK) + (OS + OK) 
« [(O* - OS) + (OS - OK) + (0£ - OK 



2 (O"* + OS) - (OS + OK) - (OS + OK)" 

(39) 

The Lagrangian C\ is a function of these irreducible components: 

A ee £ 2 (^ ^, 0^; S P , F« C™, C7< 2 >; D« 0< 2 \ G« G< 2 >, G®) . 

(40) 



5 Covariant derivatives and field strengths 

For the Lagrangian £ 2 the identities (31) reduce to 

dC 2 



0. (41) 



These identities tell the fact that the Lagrangian £ 2 is independent of G^: 

£ 2 ee £ 3 (<p, d^, d^W B P , F™, CW, C^; B pa , , , ,G®) . (42) 
The identities (30) are rewritten for the Lagrangian £3 as 



dC 3 dC 3 



I 1 d£.3 , 6 /„ (2)q!/ 3 7 5 , ^(2)/3 7 a<5 , W (2) la /3S\ ™ _ n (40) 

3 8G^ b \~^pvpo ~ ^pupa ~ ^pupcr J ^5 w - V^"-"/ 

These identities show that the Lagrangian £ 3 should have in the form of 

£ 3 = U (<p, d^, d^W B p , FW,FW,CW,CV\ B pa , G< 2 >, G< s >) , (44) 
where 

Ml)a A r i(l)a n (l)o (A r\ 

^aj3-y = °a/37 — ^a/^y' I 40 J 

^(2)a A ^y(2)a f a w (2)pupa n (l)6 RC /. R \ 

U a/3 71 5 — ^0/375 Jbc^a/3-yS U pup D a- \^°) 

The Lagrangian £ 4 changes the form of the identities (29) into 



8C A b ( 2 ) Q/ 3 7 n C _ 1 d£ 4 , 6 A (2) 7 a/3 ™ 
~ p, ri (2)b J ac L pup ^7 n ~ (2)b J at Vp ^7 
OUpi/p " OL) pup 

<9£ 4 r b r„(2) Q/ 3 T(5 dc , (-xWarrPS , ^(2)/3 7 aA p(2)c] 
^ 0^(2)6 l/ac \^pvpa 7 5 ^ \^pupa ^ ^pupa J -y5 J 

CCjTpi/po- 

, f d ^(2)^A (1)a/3T R c R e ]. 

~ J eaJ dc^pupa zvC v if 

jW 3 ) 6 Jac^pupa \ 1 7 5 ^ J 
OCrpi/pa- 

<9£ 4 <9£ 4 , „. 

+ ^f + ^ Sa (47) 
They require that the gauge fields 5° be incorporated into £4 in the form of 

A = A 0„¥>, V^; Bp, F( 2 ), C« ff\ G< 3 >) , (48) 



where 



(i 



V^A = d^ifA-B^Mj'ipB, 

77i(l) a A ci(l)a _ R a 

r «/3 — r a(3 ^a/3' 

/=i(2)a _d ^~,(2)a _ fa p(2)pi/p R b RC 

a/3 7 — u a/37 J bc L a/3-y D pv D pi 

f)(2)a A n (2)a l f a r (2)/i^ R 6 R( 

-^a/3 7 — ctfiy ^ ct/3 7 D pv D t 

■S 2 ) a d ^91,, .„ /I. 



/V A /^(2)a _ ( \^{2)fivp(7 R fc RC r> ^{2)ppva R & p(2)c\ 

^ a/375 — ^aPfS J 6c I 2"a/3 7 <5 pu pa ct/3 7 5 D pv r pa J 



, /-e m ^(2)£r/C<7-p(l)pi/p R ft RC RC ( 



afiyS £r)( pu p ai 

fi(3)a A. ^(3)a . r a ^(3)pupa rjb p(l)c 
^a^yS — ^apyS Jbc^af3~/6 D pv c pa • 

The Lagrangian £ 5 gives the identities (28) the following form: 
<9£ 5 . , o . „ <9£ 5 fur ra 1 



PA CV au^A V ^ 



dC 5 b r (i) a/ j 7 p(i) c 

pxr1{t)b jac VP a/3 
OL/pvp 

^5 f f 6 r (2)a/3 7 / p(l)c F (2)c\ _ ^ fe fb r (2)a/3 7 R c R d\ 

■lac 1 pup \ r (iy ' /37 J 2 JacJed VP P TJ 



+ 
+ 
+ 



fl/=r(2)6 
U^j pvp 



dD K p Vp 



)(2)6 
' pv 

dC 5 

~(2)b 
dGpvpa 



+ 



rb a (2)/3 7 a / p(l)c , F (2)c\ 1 , e ,& r (2)a/3 7 R c R dl 
Jac^pup \ r /3j ^ r /3j ) ^ 2 JacJed VP P 

/ f 6 ^(2) a /3 7 «5 / ^(l)c 8 ^(2)c 8 ~ ( 2 ) c \ 
1 Jac^pupa I °/3 7 5 3 °/3 7 5 g-^75/3 J 

1 /•e f 6 ^(2)^C/3 r (l)a75 RC _ 9 re ^(2)a7/35 R c tti(2)c( 

"r JdaJec^pupa 1 £r?C n f3 r y5 acJ ed^pupa JD /3 r -y5 

+ JacJ fdJge^pupa 1 £tjC n P n y n 5j 
^5 f_8 f6 ^(3)a/3 7 <5 /^(2)c _ f)(2)c\ , e ,& pj(3)q^J™ f.(l)<il 



rpvpa 

dC 5 



UJ ~-5 \ _°fb ^(3)a/3 7 5 //= : «(2)c _ f>(2)c\ , e f fe ^(3)a/3 7 <5 R c 1 
0/^(3)6 I o^ac^p^po- V°/3 7 5 J ^~ J acJ ed^pvpa ^ () r y& f 



From them we find that the gauge fields -B^ should be contained as follows: 

x(l) x(2) x(2) ~(2) x(3) N 



/ „ -(1) -(2) x(2) =( 2 ) x(3)\ 

£ 5 = £ 6 f^V^,V^;F«,F( 2 ),C ,C ; D ,G ,G j, 



where 



V^a = d^ A - B;M aA B cp B , 

Vpu^a = Vp^A-(B;M aA B d uVB + B a v M aA B d^ B 



F (2)a 
pu 

~(l)a 

c 

pup 
x(2)a 
pup 

~(2)a 
B pup 

~(2)a 

pupa 



F (2)a 
pu 

n(\)a 

VP 



+ -B;Bi{M a ,M b }*(pB, 
^ / a R c 

C)Jbc D p D Ul 



(58) 
(59) 
(60) 

= g«« - 2/^(^5* (f« c + Fjf ) + ^ 6 e c ^r( 2 )^^^^, (6i) 

KA^K (Hf + ^f) " \fLf:^ a B b a B^, (62) 



fap(l)a/?7 r& p(l)c 
Jfcc 1 ui/p JJ «- t #7 ) 



n( 2 )« 

pup 



m^(2)a/3 7 <5 p6 / /^(l)c 8 ^(2)e 8 ~ ( 2 ) c 
17 " Jbc^pupa n a \ °/3 7 5 g^/^o ^ 7 S P 



,(2)a 
r pupa 



9 f e /a ^(2)a7/3<5 pfe nc 7->(2)d 
Z JbdJec^pupa n a n /3 r j8 

1 // f3 fa ^;(2)a/37<5 p6 nc Rd Re 
JbdJ fclge^pupa D a D (3 n ^ n 5i 



x(3)a 



pupa 



A fi(3)a , ° ™^(3)a/3 7 5 R 6 / ^(2)c _ f, 
— ^ p,vpa "r ^Jbc^pupa D a, [^p-yS 1J - 

, f e /a ^;(3)a/37<5 p6 pc zri(l)d 
"T JbdJec^pupa n a n l3 r y8 ■ 



(2)c\ 
75/9 J 



(63) 



(64) 



The Lagrangian £ 6 should satisfy the last identities (27) rewritten as 



<W JflA <PB + dv li < fA 



M aA B V^B + 



M aA B V^ B 



+ 



+ 



dC 6 



~(l)b J ac- 1 /^ 
r pv 



dC 



dC 6 



f 6 p(l)c , ^6 , 6 p( 2 )c , ^6 rb r K ' , ^6 , 6 ^ 
J ac r uu ^0\hJac r uu ~ (i}b J ac^ pu p ' -O^hJac^ 



x(2)c 



7-1(2)6 J ac 
r pu 



c 



J ac l 



x(2)c 



<9£ fi 



= (2)c 



~(2)6-'ac /tz/p 
B* pup 



~ (2)6 J ac^ pupa 

G 



+ 



pup 

dC 6 



C 



(2)6 Jac^ pvp 
pup 



x(3)c 



f 6 (7 = n 

J ac uuoa 



~ (3)6 <> ac pupa 

G, 



(65) 



pupa 



pupa 



They show the Lagrangian £@ should be an arbitrary G-invariant function of the 
arguments. This is our final result. 

In the above we have determined the covariant derivatives and gauge-field strengths 
step by step. For completeness we express them by using the original gauge fields 
and the irreducible components of their derivatives: 



PU 1 ! 



F (l)a 
pu 

F (2)a 
pu 

x(l)a 
^ pup 
~(2)a 

c 

pup 



d^ A -B;M aA B <p B , 

d^ip A - B%M aA B - (B;M aA B d^B + B a u M a B d^ B ) 

+ ±B;B b u {M a ,M b } B ^ B , 



pu 



pui 



_ F (2)a _ 1 n a p6 pc 
- 1 /if 2 Jbc 1 - 1 p^ui 

Wl)a _ 7-)( 1 ) a — fip(l)a/37 p6 p(l) c i fa p(l)a/?7 p6 pc 
_ ^/ii/p '^/ti'P Jbc L pup D ot r &~i ~ 1 ~Jbc L pup D a D fi~{i 



(66) 

(67) 
(68) 
(69) 

(70) 



- Vlc^Bl (F« c + F^f ) + -Jlfl^BlB^ (71) 



n (2)a - n(2)o _ /-a F (2)a/3 7 06 / p(l)c _ p (2)c\ , 9 f a fC 2 )"^ D 
U pvp — U pvp Jbc L pup n a { r f3-y r /3 7 J + ^/fec 1 p^p ^a- 



/3 7 



- IfU^T'B^BlB^ (72) 

= (2)a 

ri /^<(2)a nea^{2)orifi& r>b p( 2 ) c 1 n fa re ^(2)a^06 p>b p>c rp(2)d 

^ pupa ^ pvpa J be' — 'pupa a/3 -y6 ' JbeJcd' — 'pupa a 76 

, f a ^(2)a/3 7 <5 R 6 / r (l)c 8 ( 2 ) c (l) c 16 ( 2 ) c \ 

Jbc^pvpa D a y^fl-ih 3°/3 7 <5 Z17 3 7 <5 ~^ U fa& J 

_ 1 fa^(2)a/3 7 <5 R 6 nc , r-a />e /^(2)a/3 7 5 _ r,^(2)a 7 /3<5\ R 6 nc R( i 
c^Jbc^pvpa D afl D ~i&\ J be J cd [^pvpa ^pupa ) D a D fi D - 1 & 

~ \f^!ffL^f S B b a B^Bpl (73) 

^ 3 " )a _ /-»(3)a , fa^(3)«Wnii p(l)c _ p re ^(3)a/3 7 5 ni R c 

^ pvpa (J pupa ' Jbc^pvpa ■ D a0 r y6 J beJ cd^pvpa ■ D a JD f3 r 7 5 

, 8 , a ^(3)a/3 7 5 R 6 /W2)c 9 n (2)c\ 
~+~ 3 Jbc^pupa ck V°/3 7 5 + ziy /3 7 5 J 

+ JbeJcd^ pvpa n a n p n ^5- \ l V 

6 Summary and Discussion 

In the present paper we have generalized the usual prescription for constructing 
gauge-invariant Lagrangian to the case of including second derivatives of fields as 
well as first derivatives. By solving a series of identities which follow from generalized 
Noether's theorems, we have found the covariant derivatives and the gauge-field 
strengths. 

Many problems remain to be solved: 
— physical implications of the tensor gauge fiels; 
— geometrical meanings of gauging second derivatives; 
— extension to space-time symmetries; 

—higher-derivative gravity in the light of this new type of gauge theories. 
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